The total crystal-field splitting of the 2 F 7/2 ground-state multiplet of Yb 3+ critically determines the cooling efficiency of an optical refrigerator. Crystals with a small 2 F 7/2 splitting maintain a sizeable thermal population of the initial state of the pumped crystal-field transition at low temperatures, leading to a workable laser-cooling efficiency in the applicationrelevant cryogenic regime below 120 K. A comprehensive review of the crystal-field splitting of (2S+1) L (J) multiplets in rare-earth-doped fluoride crystals is presented. The concept of crystal-field strength is used to predict the splitting of the 2 F 7/2 ground-state multiplet from other fluoride crystals doped with other rare earth ions. The analysis correctly predicts the typical 350-450 cm -1 total splitting of 2
INTRODUCTION
The field of optical refrigeration of rare-earth-doped solids has recently seen an important breakthrough. The cooling of a YLiF 4 (YLF) crystal doped with 5 mol% Yb 3+ to 155 K by Seletskiy et al [1] has surpassed the lowest temperatures that are practical with commercial multi-stage thermoelectric coolers (TEC), i.e. ~170 K for ~100 mW cooling capacity [2] . This record performance has advanced laser cooling into an application-relevant regime and has put first practical optical cryocoolers within reach. The result is also relevant from a material perspective since for the first time, an Yb 3+ -doped crystal has outperformed an Yb 3+ -doped glass. For several years, the record temperature of 208 K was held by the Yb 3+ -doped fluorozirconate glass ZBLAN [3] . Advanced purification and glass fabrication methods currently under development are expected to also advance ZBLAN:Yb 3+ to sub-TEC temperatures [4] . However, the recent achievements with YLF:Yb 3+ indicate that crystalline materials may have two potentially game-changing advantages over glassy materials. First, many detrimental impurities present in the starting materials tend to be excluded from the crystal during its slow growth process, in contrast to a glass where all impurities present in the starting materials are included in the final glass when it is formed by temperature quenching of a melt. The ultra-high purity required for laser cooling materials [5] therefore may be easier to realize in crystals than in glasses. Second, the inhomogeneous contribution to the broadening of Yb 3+ electronic transitions is smaller in crystals than in glasses. Even though homogeneous broadening tends to dominate for all but (0)↔(0') crystal-field transitions, even in glasses [6] , reduced inhomogeneous broadening may lead to some degree of sharpening of the crystal-field transitions [1] . This increases the peak absorption cross section at the laser excitation wavelength and allows for more efficient pumping of the Yb 3+ ions, which is particularly important at low temperatures.
Laser cooling occurs by laser excitation of a rare-earth ion followed by anti-Stokes luminescence. Each such lasercooling cycle extracts thermal energy from the solid and carries it away as high-entropy light, thereby cooling the material. In the ideal case, the respective laser-cooling power is given by the pump wavelength ( ), the mean fluorescence wavelength ( ), and the absorption coefficient ( ) of the pumped transition. These quantities are solely determined by crystal-field interactions. On the one hand, a large crystal-field splitting offers a favorably large difference of and thus a high cooling efficiency ⁄ . On the other hand, a small crystal-field splitting offers a high thermal population ( ) of the initial state of the pumped transition, giving a high pump absorption coefficient and thus a high laser cooling power, particularly at low temperatures. A quantitative description of crystalfield interactions is therefore critical to the understanding and optimization of optical refrigeration. In the case of Yb 3+ as the laser cooling ion, however, the development of a quantitative crystal-field model is met with substantial difficulties. First, Yb 3+ has only two 4f multiplets, 2 F 7/2 and 2 F 5/2 , which lead to at most 7 crystal-field levels. This makes it difficult, and in most cases impossible, to evaluate the full Hamiltonian, which has at least 4 atomic and 2 crystal-field parameters (at least 4 crystal-field parameters for point symmetries lower than cubic). Second, 2 F 7/2 ↔ 2 F 5/2 transitions exhibit an exceptionally strong electron-phonon coupling compared to 4f transitions of other rare earths. This makes it difficult to distinguish electronic from vibronic transitions in the absorption and luminescence spectra and to reliably identify the crystal-field levels. Yb 3+ crystal-field splittings reported in the literature should thus generally be viewed with caution.
This paper explores the effects of crystal-field interactions on the laser-cooling performance of Yb 3+ -doped fluoride crystals. It is shown that the total crystal-field splitting of the 2 F 7/2 and 2 F 5/2 multiplets of Yb 3+ can be estimated from crystal-field splittings of other rare-earth-doped fluoride crystals. This approach takes advantage of an extensive body of experimental work from which Yb 3+ doped fluoride crystals with favorable laser cooling properties might be identified. Section 2 reviews the crystal-field splitting of the 4f electronic states and introduces the crystal-field strength as a quantity to predict the total crystal-field splitting of the 2 F 7/2 and 2 F 5/2 multiplets. Section 3 illustrates the effect of the total 2 F 7/2 crystal field splitting on the laser cooling power. Finally, Section 4 compiles literature data on crystal-field splittings in fluoride crystals from which the 2 F 7/2 splitting is predicted.
Yb 3+ IN A CRYSTAL FIELD
This section briefly reviews the origin and properties of the 4f↔4f electronic transitions of Yb 3+ and introduces the concept of crystal-field strength.
The Yb 3+ free ion
The electron configuration of the trivalent rare-earth ions is that of the closed xenon shell plus 1. .13 4f electrons. The electrostatic interaction between the 4f electrons causes the [Xe] 4f N configuration to split into several (2S+1) L manifolds. The spin-orbit interaction is of comparable magnitude to the electrostatic interaction for the rare earths, and coupling of and must be considered. It is described by the total angular momentum quantum number J=|L+S|, …, |L-S|. The spin-orbit coupling lifts the degeneracy in , thus splitting each (2S+1) L manifold into several (2S+1) L (J) multiplets. The electron configuration of Yb 3+ is [Xe]4f 13 and is one electron short of a closed 4f shell. Therefore it can equivalently be viewed as consisting of the closed xenon and 4f shells plus one 4f hole. A single 4f hole, having a spin of s=½ and an angular momentum of l=3, creates a total spin of S=½ and a total orbital angular momentum L=3 and therefore produces a single 2 F manifold which splits into a 2 F 7/2 and a 2 F 5/2 multiplet as a result of the spin-orbit interaction (see Fig. 1 ). The magnitude of the splitting is given by [7] with the spin-orbit coupling 
Crystal-field splitting
There remains degeneracy with respect to J z in the spherical symmetry of the free ion. In a solid however, the nonspherically symmetric arrangement of charges around the rare-earth ion partially or completely lifts the (2J+1)-fold J z degeneracy and causes each (2S+1) L (J) multiplet to split into several crystal-field levels. According to the Kramers degeneracy theorem, states of odd numbered electron systems in an electric field, such as Yb 3+ in the crystal field created by the surrounding charges, remain at least doubly degenerate as a result of the time reversal invariance of electric fields. Therefore, the 2 F 7/2 and 2 F 5/2 multiplets split into at most 4 and 3 Kramers doublets, respectively, under the influence of a crystal field (see Fig. 1 ). A complete lifting of the (2J+1)-fold degeneracy with respect to J z is only possible under the influence of a magnetic field, which is not invariant upon time reversal and which shall not be considered here.
The number of levels into which the 2 F 7/2 and 2 F 5/2 multiplets split under the influence of the crystal field depends on the point symmetry of the electric field produced by the neighboring charges. It can be deduced from group theory by gradually lowering the symmetry from that of the spherical SO 3 symmetry of the free ion down to the C 1 point group of a crystal field with no symmetry. Figure 1 illustrates the qualitative splitting of the 2 F 7/2 and 2 F 5/2 multiplets for various point symmetries as derived using the branching rules by Butler [9] . Crystal fields of cubic point symmetry (O, O h , T d ) only partially lift the J z degeneracy and split the 2 F 7/2 and 2 F 5/2 multiplets into 3 and 2 crystal-field levels, respectively. The J z degeneracy is completely lifted (except for Kramers degeneracy) for any of the other 29 point symmetries, thus splitting the 2 F 7/2 and 2 F 5/2 multiplets into 4 and 3 crystal-field levels, respectively. 
Crystal-field strength
The Hamiltonian that quantitatively describes the splitting of (2S+1) L (J) multiplets under the influence of a crystal field is given by ,
The are tensor operators describing the angular dependence of the crystal-field interaction, and they can be evaluated using the techniques outlined in Refs. [10, 11] . The are the crystal-field parameters that capture the radial properties of the crystal field. The number of non-zero is limited by 2,4,6 (for 4f electron systems), by | | , and by the point symmetry of the crystal field. The are difficult to calculate from first principles and are usually obtained by fitting Eq.(1) to a set of experimental crystal-field energies. While excellent crystal-field calculations exist for many rare-earth doped materials, such fitted sets of parameters tend to be specific to a rare-earth ion in a specific point symmetry of a specific host crystal.
Auzel et al have suggested the more general description of crystal-field strength in an attempt to identify trends in crystal-field splittings along the series of rare earth ions [12, 13] . They showed that the total splitting Δ 4 of a (2S+1) L (J) multiplet is proportional to the crystal-field strength parameter
independent of point symmetry [12] . Specifically, the total splitting Δ 4 of a (2S+1) L (J) multiplet is given by
where 2 1 is the J-degeneracy of the multiplet, and and 2 ⁄ for even and odd numbered 4f electron systems, respectively [12] . The second term in Eq. (3) contains the reduced matrix elements of , which is the tensor operator for the Coulomb interaction between the 4f electrons and the electrons of the surrounding charges. Note that the geometric average in the second term assumes the matrix elements to be of similar magnitude. An analysis of the crystal-field splittings in many compounds has found that decreases linearly along the series of rare earths from Ce 3+ to Yb 3+ [13] . Specifically, the crystal-field strength of a 4f N configuration is related to that of the 4f 3 configuration by [13] 
Equations (3) and (4) [13] . In the present study of fluoride crystals, we expand on this approach to include all of rare earths in an attempt to best utilize all of the available crystal-field data in the literature.
Evaluation of the reduced matrix element in Eq.(3) involves tensor operator calculus. The matrix element is given by (5) The first term in Eq. (5) 
where the third factor is a Wigner 6j symbol. The reduced matrix elements can be calculated from first principles [15] . It is important to note, however, that the spin-orbit interaction mixes different states having the same . As a result, the (2S+1) L (J) multiplets are no longer pure Russel-Saunders wavefunctions but rather a linear combination | ∑ | , with the coefficients being material specific. In a comprehensive 1978 study, Carnall et al have calculated intermediate coupling wavefunctions | and the respective reduced matrix elements for the series of rare-earth-doped LaF 3 [16] . This crystal is a reasonable approximation for other rare-earth-doped fluoride crystals, and we shall use Carnall's reduced matrix elements for LaF 3 for the present calculations. Equation (3) assumes that the variation of with is less than 10 and that 3 [12] . In addition, there are (2S+1) L (J) multiplets for which one or more of the three reduced matrix elements ( 2,4,6) is exactly zero by selection rules. These constraints eliminate many multiplets from consideration. ). Pm 3+ was excluded for its radioactivity, and Gd 3+ was excluded for its lack of 4f excited states below 30,000 cm -1 . We find that 46 multiplets meet the above criteria. Some of these multiplets are energetically close to or overlapping with others (marked by an asterisk), making it difficult to deduce their total crystal-field splitting from absorption spectra. This leaves 35 multiplets that can be considered for analysis with Eq.(3). Table 1 shows in bold the multiples for which reliable crystalfield literature data is available for fluoride crystals. These are the multiplets that will be used for the analysis in the following sections.
EFFECT OF CRYSTAL FIELD STRENGTH ON LASER COOLING POWER
The laser-cooling efficiency of an optical refrigerator that is being pumped at wavelength and that emits at a mean luminescence wavelength is given by [17] 1
where and are the cooling power and absorbed power, respectively. Furthermore, 1 with being the incident laser power and being the optical path length in the sample. The absorption coefficient at is given by , where and are the absorption coefficients for resonant absorption by the laser cooling ion and background absorption by impurities, respectively. The absorption efficiency is thus ⁄ . The external quantum efficiency denotes the probability that an excited laser-cooling ion creates a luminescence photon that escapes from the sample. It is determined by the internal quantum efficiency of the luminescent center, , and the photon escape efficiency, . The product therefore represents the fraction of absorbed photons that escape the sample as luminescence photons. In very pure materials, such as the fluoride crystals and glasses made for laser cooling, parasitic absorption at the pump wavelength by impurities is small, and is assumed in the following. Likewise, the internal quantum efficiency 1 in a very pure material. Finally, light trapping is inefficient in fluoride materials due to their relatively low index of refraction, i.e.
1. Therefore we shall assume 1 in the following [1] . The laser cooling power is then solely determined by , , and . Here, , where is the thermal population of the initial state of the pumped transition, is the pump absorption cross section, and is the ion density. Except for , all these quantities are determined by crystal-field interactions.
Let us assume an Yb 3+ ion in a cubic crystal field, which produces a splitting of the 2 F 7/2 and 2 F 5/2 multiplets in 3 and 2 crystal-field levels, respectively (see Fig. 1 ). The total crystal-field splittings of these two multiples are related by Eq.(3 Figure 2 shows the cooling efficiency as a function of temperature for different 2 F 7/2 total crystal-field splittings calculated from the simple model described above. While a decreasing crystal-field splitting reduces the cooling efficiency at room temperature via the term ⁄ 1, this decrease is outweighed at cryogenic temperatures by a significant increase in the initial-state thermal population of the pumped transition, . The initial state population becomes the dominant factor determining the cooling efficiency at low temperatures. At 100 K for example, a material with a 300 cm -1 2 F 7/2 splitting cools four times as efficient as one with a 450 cm -1 2 F 7/2 splitting. Laser cooling at cryogenic temperatures with reasonable efficiencies is thus only possible with materials having a small crystal-field splitting of the ground-state multiplet. This is a general conclusion and thus also applies to laser cooling with other rare earth such as Tm 3+ or Er 3+ . 
TRENDS IN Yb 3+ CRYSTAL-FIELD SPLITTING IN FLUORIDE CRYSTALS
Determination of the crystal-field energies of a rare-earth-doped crystal is quite laborious. It involves growing a single crystal of sufficiently high optical quality and measuring absorption and luminescence spectra at different temperatures. In the case of Yb 3+ there is the additional complication of relatively strong electron-phonon coupling, which makes unambiguous interpretation of the spectra difficult in most cases. In this section, we attempt to estimate the crystal-field splitting of Yb 3+ doped fluoride crystals from crystal-field data from other rare-earth-doped fluoride crystals that are available in the literature. The goal is to identify crystals with a small 2 F 7/2 splitting suited for laser cooling. Our comprehensive survey of the literature has found 25 publications on 12 different fluoride crystals that provide reliable crystal-field splitting data for the (2S+1) L (J) multiplets listed in Table 1 . The study was restricted to "stoichiometric" crystals, i.e. crystals that can accept high concentrations of rare-earth ions. Crystals such as CaF 2 and LiCaAlF 6 in which rare-earth dopants are incorporated as charge-compensated defect structures were not considered. Table 2 The formalism of Section 2 correctly predicts the 2 F 7/2 crystal-field splittings that are typical for fluoride systems, with most crystals falling in the 350-450 cm -1 range. It is evident from Figure 3 , however, that the predicted crystal-field splittings have a rather substantial standard deviation of ±18% on average. Such a large error prevents us from revealing more subtle trends within the family of fluoride crystals and from identifying specific crystals suited for laser cooling. 4 to melt at a low temperature of 369 ± 5 o C and to crystallize incongruently from melts with at least 2 mol% excess LiF, similar to YLiF 4 [43] . While the final LiBiF 4 is not hygroscopic, they found the growth of LiBiF 4 to be complicated by the slightly hygroscopic nature of BiF 3 and by the tendency of BiF 3 to decompose and evaporate from the melt, thereby forming black residue of reduced bismuth fluoride species in analogy to the synthesis of fluorozirconate glasses [4] . Schultheiss et al also found that Pr 3+ -doped LiBiF 4 only grew as a single crystal if the Pr 3+ concentration was ≤0.5 mol%. Their attempts to grow 0.5 mol% Er 3+ doped single crystals failed. In view of these limitations and based on the crystal-field strength analysis, the group of crystals including KY 3 F 10 , YLiF 4 , LuLiF 4 , and GdLiF 4 currently appear to be the most promising hosts for laser cooling with Yb 3+ .
CONCLUSIONS
The concept of crystal-field strength was used to predict the 2 F 7/2 ground-state splitting of Yb 3+ in fluoride crystals based on crystal-field data of fluoride crystals doped with other rare-earth ions. The formalism correctly predicted the 2 F 7/2 splitting of 350-450 cm -1 typical of these materials. The formalism also predicted the 2 F 7/2 crystal-field splitting in LiKYF 5 , K 2 YF 5 , and Cs 2 KLnF 6 to be >450 cm -1 , which is unfavorably large for laser cooling. The crystal-field strength formalism however failed to provide the accuracy needed to reveal the more subtle trends within the group of crystals with a small 2 F 7/2 splitting. For the crystals studied here, the lowest 2 F 7/2 splitting was found for LiBiF 4 , a material that however appears to be difficult to grow. This leaves KY 3 F 10 , YLiF 4 , LuLiF 4 , and GdLiF 4 as the currently most promising candidates for laser cooling with Yb 3+ .
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